Fundamental quantum limits in optical metrology from rate-distortion
  theory by Nair, Ranjith
Fundamental quantum limits in optical metrology
from rate-distortion theory
Ranjith Nair
Department of Electrical & Computer Engineering,
National University of Singapore, Singapore 117583
(Dated: September 24, 2018)
Abstract
We derive fundamental lower bounds on the performance of optical metrology and communication systems in a Bayesian
framework. The derivation uses classical rate-distortion theory in conjunction with bounds on the capacity to transmit classical
information of various optical channels specified by the system design. The bounds are expressed in terms of the system
parameters, the prior probability distribution of the parameter, and the average energy, i.e., number of photons E in the probe
state. For phase estimation, the bounds pertain to a cyclic mean squared error criterion incorporating the cyclic nature of
the phase. In the absence of optical loss, our bounds are applicable to multimode linear phase modulation schemes (including
ancilla-assisted ones), and to nonlinear modulations on a single mode. The bounds display inverse-quadratic Heisenberg-limit
scaling of the cyclic mean square error with respect to E. In the presence of any finite amount of loss, a lower bound on
ancilla-assisted phase estimation with standard-quantum-limit (SQL) scaling is derived, which is shown to be little different
from a similar bound for coherent-state probes. For systems involving a single optical mode, we also obtain lower bounds on the
mean squared error of estimating any classical parameter, and on the average error probability of any M -ary communication
system under an average energy constraint. The bounds are valid for arbitrary quantum measurements, for any prior probability
distribution, and do not rely on unbiasedness assumptions.
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2I. INTRODUCTION
Quantum metrology, which may be defined as the science of the fundamental quantum limits on precision mea-
surement using finite resources, has traditionally been studied in the nonrandom (or frequentist) setting in which the
classical parameter(s) that are being measured are considered to be unknown but no prior probability distribution is
assigned to them. This approach is analogous to that in classical estimation theory, in which the well-known Crame´r-
Rao bound [1] lower-bounds the variance of any unbiased estimator of an unknown parameter. In the quantum
domain, the parameter modulates the quantum state of a physical system and a corresponding quantum Crame´r-Rao
bound [2] lower-bounds the variance of any estimate of the parameter obtained from an unbiased quantum measure-
ment. In this setting, the key quantity is the so-called quantum Fisher information (QFI) which is a ‘local’ quantity
that measures the degree to which the quantum state varies as the parameter is varied. The reader is referred to
the review articles [3–6] on the theory and practice of quantum metrology and sensing in various physical systems
using the local QFI-based approach – the article [5] is devoted specifically to fundamental quantum limits in optical
interferometry.
While giving rise to an elegant and rich theory, the QFI-based approach gives valid bounds only for measurements
that are unbiased. In principle, the bounds may be achievable in the asymptotic limit [2], although little seems to be
known in the way of asymptotic achievability results for energy-constrained estimation schemes. This situation has
given rise to many claims on the scaling of the variance that do not seem to be achieved in reality – see [7, 8] for
discussions on this issue. In practice, one is typically faced with a finite number of quantum systems and/or resources
with which to estimate the parameter and for which an asymptotic analysis is insufficient. When multiple parameters
are to be estimated, the question of achievability of QFI-based bounds becomes even more subtle [2, 9].
In contrast to the local approach, the Bayesian approach in statistical estimation assumes a prior probability
distribution on the parameter(s) to be estimated and considers the ‘global’ mean squared error (MSE) of an estimate
averaged over this prior distribution. In quantum metrology, this provides an alternative to the QFI-based approach
and opens the possibility of obtaining rigorous lower bounds on the MSE of metrology schemes that are valid in the
non-asymptotic regime and without restrictive assumptions on the quantum measurements that can be made. For
example, it has long been argued that the MSE in sensing an optical phase shift can exhibit, at best, an inverse
quadratic scaling with the mean number of photons in the quantum state used to sense the phase [10]. A few years
ago, following claims based on the QFI-based approach that this so-called Heisenberg limit on phase estimation may
be beaten [11–13], several authors revived the subject by providing rigorous proofs of lower bounds – not limited
to optical interferometry – with Heisenberg-limit scaling [7, 14–20]. These proofs use diverse techniques, e.g., the
speed limit on quantum evolutions [16, 17], the entropic uncertainty relations [14, 18], the quantum Ziv-Zakai bound
[15, 17, 21], methods from information theory [7, 19]1, and the quantum Weiss-Weinstein bound [20].
In this paper, we elaborate on a method combining classical rate-distortion theory with quantum information
bounds to obtain fundamental limits on parameter estimation and communication in optical systems. The method
was pioneered by Yuen [22, 23] and has been developed in the works [7, 19, 24]. While the works [7, 14–18, 20, 22–24]
deal exclusively with noiseless estimation scenarios, we show here that the approach can provide strong bounds even
in noisy scenarios by applying it to phase estimation in the presence of the ubiquitous optical loss.
Rate-distortion theory is a branch of classical information theory [25, 26] that was introduced in ref. [25] and
elaborated in ref. [27] by Shannon, and forms the theoretical basis for the lossy compression of data sources. In
the simplest scenario involving a continuous data source, the source generates an output modeled as a real-valued
random variable U , and we wish to map U to another random variable V – one that perhaps presents lesser storage
requirements – in such a way that a predefined distortion measure such as the mean squared error between U and V is
kept below a tolerable level D. Roughly speaking, rate-distortion theory tells us how much information must remain
in V in order to do so, and shows that coded schemes can achieve this compression limit. A fascinating historical
introduction into the theory and practice of lossy data compression and other applications of rate-distortion theory
may be found in refs. [28, 29].
The development of quantum information theory [30, 31] in the past few decades has been much influenced by the
ideas of classical information theory, including rate-distortion theory. One of the first results of quantum information
theory, the noiseless coding theorem of Schumacher [32] is a quantum version of Shannon’s noiseless source coding
theorem, which itself corresponds to the rate-distortion theory with allowed distortion set to zero. More recently,
there have been efforts to formulate a quantum rate-distortion theory applicable to the lossy compression of quantum
rather than classical information sources [33].
In this paper, we apply the rate-distortion theory approach to optical quantum metrology under average energy,
(i.e., photon number) constraints in the Bayesian setting. In Sec. II A, we review the relevant background from rate-
distortion theory and also introduce the cyclic mean squared error measure that is relevant to phase estimation. In
Sec. II B, we review the theorem from rate-distortion theory that is basic to our results in this paper – the so-called
Information Transmission Inequality. The application of these tools to quantum metrology begins in Sec. III where
we consider arbitrary estimation and communication schemes involving a single optical mode. We also argue that for
lossless phase estimation, the quantum limit derived in this section applies to multimode ancilla-assisted schemes as
1 This paper is an updated and extended version of Ref. [19]. The results for lossless estimation are closely related to those of [7].
3well. In Sec. IV, we consider multimode multipass protocols for phase estimation and derive a bound on their MSE
with Heisenberg-limit scaling. In Sec. V, we obtain a fundamental limit on the MSE of any lossy ancilla-assisted phase
estimation scheme exhibiting the inverse-linear standard quantum limit (SQL) scaling with the average energy. We
conclude with a discussion and outlook in Sec. VI.
II. RATE-DISTORTION THEORY AND THE INFORMATION TRANSMISSION INEQUALITY
A. Distortion measures, the Rate-Distortion Function, and Shannon’s Lower Bound
Suppose that we are given a real-valued random variable X with prior probability density PX(x) 2. In rate-distortion
theory, X is viewed as a data source with differential entropy h(X) given by
h(X) = −∫ ∞−∞ dxPX(x) lnPX(x) (1)
and measured in nats/symbol. For another real-valued random variable Xˇ representing a noisy estimate of X, we can
define the squared error distortion measure
d (x, xˇ) = (xˇ − x)2 , (2)
and the mean square error (or MSE) as its ensemble average:
MSE ∶= Ed (X, Xˇ) =∬ ∞−∞ dxdxˇ PX(x)PXˇ ∣X(xˇ∣x) (xˇ − x)2 , (3)
where PXˇ ∣X(xˇ∣x) is the conditional density of Xˇ given X. Here E denotes statistical expectation of the random
function following it.
The squared error (2) is but one example of a distortion measure between two real-valued quantities, albeit the
most widely used one. Another example is the absolute error ∣xˇ − x∣. For X and Xˇ taking values in the same finite
set, a commonly used distortion measure is the so-called Hamming distortion 1 − δx,xˇ whose ensemble average is the
average error probability Pe ≡ Pr [Xˇ ≠X]. This distortion measure is considered in Sec. III B in connection with
limits on M -ary digital communication. We mention in passing that, in the general theory, the set of values taken by
Xˇ need not be the same as the set of values taken by X, although we will not consider such cases here.
For the purposes of phase estimation that is the main focus of this paper, the squared error distortion measure
must be slightly modified in order to account for the cyclic nature of the phase. Let the random variable Φ denote the
phase to be estimated. We assume it takes values in (−pi,pi] (possibly on only a subset thereof), although any other
interval of length 2pi would do just as well. For an estimate Φˇ ∈ (pi,pi] of Φ, it is natural to define a cyclic squared
error distortion measure as
○
d(φˇ, φ) ∶= { (φˇ − φ)2 if ∣φˇ − φ∣ ≤ pi,[2pi − ∣φˇ − φ∣]2 otherwise. (4)
In other words,
○
d(φˇ, φ) is the squared length of the shorter of the two arcs between φˇ and φ on the unit-radius phase
circle. The resulting cyclic mean squared error is then
CMSE ∶= E ○d (Φˇ,Φ) . (5)
If one maps the phase circle onto any interval of length 2pi on the real line, we clearly have
○
d(φˇ, φ) ≤ d(φˇ, φ), where the
latter quantity is the squared error distortion (2) between φ and φˇ considered simply as real numbers in the chosen
2pi-interval ignoring their cyclic nature.
For an arbitrary source X and distortion measure d(xˇ, x), the rate-distortion function R(D) is defined as [26, 27]
R(D) = inf
PXˇ∣X(xˇ∣x)∶Ed(X,Xˇ)≤D I(X; Xˇ), (6)
2 As is conventional in information theory, we use upper case letters for random variables (though not exclusively for random variables)
and the corresponding lower case letters to denote their instances.
4where the quantity being minimized is the mutual information I(X; Xˇ) between the source and estimate and the
infimum is over all conditional distributions PXˇ ∣X(xˇ∣x) that yield average distortion less than or equal to D. Note
that R(D) depends on the prior distribution PX(x) as well as the given distortion measure.
The rate-distortion function R(D) may be thought of informally as the amount of non-redundant information per
symbol emitted by the source when allowing for an average distortion of up to D in a reconstructed version of the
source. Examples of the computation of R(D) for some standard sources and distortion measures may be found in
[26, 27], although numerical evaluation is usually required for an arbitrary source. In general, the function R(D)
and its inverse D(R) are decreasing and convex in their respective arguments. For a real-valued random variable X
and the squared error distortion measure (2), the following lower bound on the rate-distortion function (called the
Shannon lower bound) has been derived [26–28]:-
R(D) ≥ 1
2
ln(QX
D
) , (7)
where
QX = 1
2pie
e2h(X), (8)
is the entropy power of X [26]. Note that the bound is useful for D ∈ (0,QX] (outside which it can be replaced by
zero) and is convex and decreasing on this interval. The lower bound
D(R) ≥ QX e−2R (9)
on D(R) follows from eq. (7).
For a phase random variable Φ, an estimate Φˇ thereof, and the cyclic squared error measure, we have the rate-
distortion function
R(D) ∶= inf
PΦˇ∣Φ(φˇ∣φ)∶E ○d(Φˇ,Φ)≤D I (Φ; Φˇ) . (10)
We now derive a Shannon lower bound on (10) that will be needed for our later results. First note that we may write
the quantity to be minimized in Eq. (10) as
I (Φ; Φˇ) = h(Φ) − h (Φ∣Φˇ) (11)
= h(Φ) − ∫ pi−pi dφˇ PΦˇ (φˇ)h (Φ∣Φˇ = φˇ) , (12)
where PΦˇ (φˇ) is the marginal distribution of Φˇ and
h (Φ∣Φˇ = φˇ) = −∫ pi−pi dφPΦ∣Φˇ (φ∣φˇ) ln PΦ∣Φˇ (φ∣φˇ) , (13)
i.e., the differential entropy of the conditional distribution of Φ on the phase circle for a given value of φˇ. We now
upper bound this quantity as follows. Suppose the phase circle is cut and unrolled into an interval of the real line
centered at φˇ and that Φ is now considered as a real-valued random variable. Such an operation leaves the differential
entropy unchanged. Further, for any value φ of Φ the cyclic squared error
○
d(φˇ, φ) agrees with the squared error(φ − φˇ)2. Now the expectation (over the conditional distribution of Φ alone) EΦ (Φ − φˇ)2 ≥ Var[Φ∣φˇ], the conditional
variance of Φ given φˇ. Given the fact that of all probability distributions on the real line with variance V , the Gaussian
distribution has the maximum differential entropy 1
2
ln(2pieV ) [26], we have
h (Φ∣Φˇ = φˇ) = ∫ pi−pi dφˇ PΦˇ (φˇ)h (Φ∣Φˇ = φˇ) (14)≤ 1
2
∫ pi−pi dφˇ PΦˇ (φˇ) ln (2pieEΦ (Φ − φˇ)2) (15)= 1
2
∫ pi−pi dφˇ PΦˇ (φˇ) ln(2pieEΦ ○d (Φ, φˇ)) (16)≤ 1
2
ln(2pie ∫ pi−pi dφˇ PΦˇ (φˇ)EΦ ○d (Φ, φˇ)) (17)= 1
2
ln(2pieE ○d (Φ, Φˇ)) (18)
≤ 1
2
ln (2pieD) . (19)
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⇢
<latexit sha1_base64="PjOC8f12GtePOB gdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTb N0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/U D4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoB M1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rC fH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicT RimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tAB Agk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOB gdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTb N0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/U D4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoB M1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rC fH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicT RimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tAB Agk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOB gdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTb N0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/U D4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoB M1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rC fH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicT RimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tAB Agk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOB gdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTb N0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/U D4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoB M1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rC fH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicT RimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tAB Agk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>
C
<latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit>
C
<latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit>
C
<latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit><latexit sha1_base64="qiWfywEOv852mNhz9ip1eNwP +qM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLYjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09 cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mzdzvPnFtRKwe cZZwP6JjJULBKFqpP4goThiVWXM+rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531J FI278bBF5Ti6sMiJhrO1TSBbq742MRsbMosBO5hHNqpeL/3n9FMNbPxMqSZErtvwoTCXBmOT3k5HQnKGcWUKZFjYrYR OqKUPbUsWW4K2evE46V3XPrXsP17XGXVFHGc7gHC7BgxtowD20oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx9zWJFZ< /latexit>
D
<latexit sha1_base64="1Z6CzjBl0OMVztfQ+m452YD kcY0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnUhcsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ct Flo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53np g2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LC F0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhT F1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrF zDH/gfP4AdN2RWg==</latexit><latexit sha1_base64="1Z6CzjBl0OMVztfQ+m452YD kcY0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnUhcsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ct Flo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53np g2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LC F0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhT F1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrF zDH/gfP4AdN2RWg==</latexit><latexit sha1_base64="1Z6CzjBl0OMVztfQ+m452YD kcY0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnUhcsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ct Flo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53np g2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LC F0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhT F1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrF zDH/gfP4AdN2RWg==</latexit><latexit sha1_base64="1Z6CzjBl0OMVztfQ+m452YD kcY0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnUhcsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ct Flo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53np g2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LC F0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhT F1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrF zDH/gfP4AdN2RWg==</latexit>
 1
<latexit sha1_base64="5NEX 6FMZHmDWrd+D2UO0p+pxYwY=">AAAB7XicbVDLSgNBEOyNrxhf UY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo /3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oH x41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodU DjlMeJnSgRCwYRSc1u/Wh6AW9csWv+nOQVRLkpAI56r3yV7evWZ ZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn 9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0 WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18 KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4v WgpfPHMMfeJ8/CkaOww==</latexit><latexit sha1_base64="5NEX 6FMZHmDWrd+D2UO0p+pxYwY=">AAAB7XicbVDLSgNBEOyNrxhf UY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo /3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oH x41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodU DjlMeJnSgRCwYRSc1u/Wh6AW9csWv+nOQVRLkpAI56r3yV7evWZ ZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn 9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0 WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18 KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4v WgpfPHMMfeJ8/CkaOww==</latexit><latexit sha1_base64="5NEX 6FMZHmDWrd+D2UO0p+pxYwY=">AAAB7XicbVDLSgNBEOyNrxhf UY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo /3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oH x41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodU DjlMeJnSgRCwYRSc1u/Wh6AW9csWv+nOQVRLkpAI56r3yV7evWZ ZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn 9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0 WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18 KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4v WgpfPHMMfeJ8/CkaOww==</latexit><latexit sha1_base64="5NEX 6FMZHmDWrd+D2UO0p+pxYwY=">AAAB7XicbVDLSgNBEOyNrxhf UY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo /3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oH x41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodU DjlMeJnSgRCwYRSc1u/Wh6AW9csWv+nOQVRLkpAI56r3yV7evWZ ZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn 9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0 WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18 KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4v WgpfPHMMfeJ8/CkaOww==</latexit>
X1
<latexit sha1_base64="44fq65DDyzyeC/EbtZ0GHLZRJeg=">AAAB6ni cbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD 49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodP3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk +rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlU bAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9rhjYA=</latexit><latexit sha1_base64="44fq65DDyzyeC/EbtZ0GHLZRJeg=">AAAB6ni cbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD 49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodP3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk +rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlU bAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9rhjYA=</latexit><latexit sha1_base64="44fq65DDyzyeC/EbtZ0GHLZRJeg=">AAAB6ni cbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD 49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodP3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk +rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlU bAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9rhjYA=</latexit><latexit sha1_base64="44fq65DDyzyeC/EbtZ0GHLZRJeg=">AAAB6ni cbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD 49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodP3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk +rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlU bAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9rhjYA=</latexit>
Xn
<latexit sha1_base64="ImT0Z8rgTd1AtUPBjIrBjHnCYYg=">AAAB6ni cbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gH h61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9dPqy71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwK nlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQq NgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5Azdkjb0=</latexit><latexit sha1_base64="ImT0Z8rgTd1AtUPBjIrBjHnCYYg=">AAAB6ni cbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gH h61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9dPqy71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwK nlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQq NgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5Azdkjb0=</latexit><latexit sha1_base64="ImT0Z8rgTd1AtUPBjIrBjHnCYYg=">AAAB6ni cbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gH h61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9dPqy71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwK nlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQq NgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5Azdkjb0=</latexit><latexit sha1_base64="ImT0Z8rgTd1AtUPBjIrBjHnCYYg=">AAAB6ni cbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gH h61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9dPqy71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwK nlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQq NgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5Azdkjb0=</latexit>
Y1
<latexit sha1_base64="SZdBmdC7TdIebKy2YL7hjMc+8Pg=">AAA B6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ye0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nr eJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9j3+uWKW3XnIKvEy0kFcjT65a/eIGZ phNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYm s7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDcZ4 2B</latexit><latexit sha1_base64="SZdBmdC7TdIebKy2YL7hjMc+8Pg=">AAA B6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ye0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nr eJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9j3+uWKW3XnIKvEy0kFcjT65a/eIGZ phNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYm s7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDcZ4 2B</latexit><latexit sha1_base64="SZdBmdC7TdIebKy2YL7hjMc+8Pg=">AAA B6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ye0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nr eJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9j3+uWKW3XnIKvEy0kFcjT65a/eIGZ phNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYm s7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDcZ4 2B</latexit><latexit sha1_base64="SZdBmdC7TdIebKy2YL7hjMc+8Pg=">AAA B6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ye0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nr eJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9j3+uWKW3XnIKvEy0kFcjT65a/eIGZ phNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYm s7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDcZ4 2B</latexit>
Yn
<latexit sha1_base64="hC7t28cQlCfIPvP014RtpKoE7Bk=">AAAB6ni cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ye0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QP jxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJj k01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO yYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzjqjb4=</latexit><latexit sha1_base64="hC7t28cQlCfIPvP014RtpKoE7Bk=">AAAB6ni cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ye0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QP jxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJj k01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO yYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzjqjb4=</latexit><latexit sha1_base64="hC7t28cQlCfIPvP014RtpKoE7Bk=">AAAB6ni cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ye0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QP jxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJj k01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO yYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzjqjb4=</latexit><latexit sha1_base64="hC7t28cQlCfIPvP014RtpKoE7Bk=">AAAB6ni cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ye0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QP jxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJj k01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO yYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzjqjb4=</latexit>
⇢X
<latexit sha1_base64="Rnx/28+c37EKYCHsFj0d MAinYyo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFv Po/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJ pHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2aoe+1eueJX/TnIKglyUoEc9V75q9vXLEu4QiaptZ3ATzGc UIOCST4tdTPLU8pGdMA7jiqacBtO5tdOyZlT+iTWxpVCMld/T0xoYu04iVxnQnFol72Z+J/XyTC+DidCpRl yxRaL4kwS1GT2OukLwxnKsSOUGeFuJWxIDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjS AwSM8wyu8edp78d69j0VrwctnjuEPvM8fgpaPEg==</latexit><latexit sha1_base64="Rnx/28+c37EKYCHsFj0d MAinYyo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFv Po/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJ pHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2aoe+1eueJX/TnIKglyUoEc9V75q9vXLEu4QiaptZ3ATzGc UIOCST4tdTPLU8pGdMA7jiqacBtO5tdOyZlT+iTWxpVCMld/T0xoYu04iVxnQnFol72Z+J/XyTC+DidCpRl yxRaL4kwS1GT2OukLwxnKsSOUGeFuJWxIDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjS AwSM8wyu8edp78d69j0VrwctnjuEPvM8fgpaPEg==</latexit><latexit sha1_base64="Rnx/28+c37EKYCHsFj0d MAinYyo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFv Po/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJ pHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2aoe+1eueJX/TnIKglyUoEc9V75q9vXLEu4QiaptZ3ATzGc UIOCST4tdTPLU8pGdMA7jiqacBtO5tdOyZlT+iTWxpVCMld/T0xoYu04iVxnQnFol72Z+J/XyTC+DidCpRl yxRaL4kwS1GT2OukLwxnKsSOUGeFuJWxIDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjS AwSM8wyu8edp78d69j0VrwctnjuEPvM8fgpaPEg==</latexit><latexit sha1_base64="Rnx/28+c37EKYCHsFj0d MAinYyo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFv Po/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJ pHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2aoe+1eueJX/TnIKglyUoEc9V75q9vXLEu4QiaptZ3ATzGc UIOCST4tdTPLU8pGdMA7jiqacBtO5tdOyZlT+iTWxpVCMld/T0xoYu04iVxnQnFol72Z+J/XyTC+DidCpRl yxRaL4kwS1GT2OukLwxnKsSOUGeFuJWxIDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjS AwSM8wyu8edp78d69j0VrwctnjuEPvM8fgpaPEg==</latexit>
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FIG. 1. Block diagram illustrating the parallel encoding, channel transmission, and decoding operations on a sequence of source
ouputs to which the Information Transmission Inequality applies. In its application to quantum metrology, each of the parallel
channels C is realized by a modulation of X on to density operators of a quantum system followed by a quantum measurement
(POVM) on the system (see the blow-up). Thick red lines indicate transmission of quantum systems, which are taken to be
optical beams of one or more modes in this paper.
Here, we have used the concavity of the logarithm and the fact that the maximum allowed CMSE in the minimization
of Eq. (10) is D. Together with (11), we thus have the lower bounds
R(D) ≥ 1
2
ln(QΦ
D
) ≡ R(D), (20)
and
D(R) ≥ QΦ e−2R ≡D(R), (21)
where, QΦ = e2h(Φ)/(2pie) is the entropy power of Φ. While these bounds are identical in form to the lower bounds
(7) and (9) for the squared error measure, it is important to note that the average distortion appearing in the bounds
(20) and (21) is the average of the cyclic squared error distortion and the latter bounds do not follow as special cases
of the former.
B. The Information Transmission Inequality
The operational significance of the rate-distortion function is elucidated by the positive and converse parts of the
noisy source coding theorems of Shannon [27]. For our purpose of obtaining lower bounds on the achievable average
distortion, the converse part is of primary relevance. The fundamental result in this connection, called the Information
Transmission Inequality (ITI in the sequel) [28], is stated below (Refer Fig. 1).
Theorem II.1. [Information Transmission Inequality – Theorem 1 of ref. [27]] Given k independent and identically
distributed (i.i.d.) source outputs Φ = Φ1, . . . ,Φk, each with prior distribution PΦ(φ). For any given distortion
6measure d(Φ, Φˇ), let the rate-distortion function of the source be R(D) nats/symbol. We are given an encoder E that
maps Φ = Φ1, . . . ,Φk to an n-symbol-long codeword X =X1, . . . ,Xn that is transmitted over a channel C with capacity
C nats/use. Let the channel output codeword be Y = Y1, . . . , Yn which is mapped by a decoder D to an estimate
Φˇ = Φˇ1, . . . , Φˇk of Φ. Defining a per-symbol average distortion measure Ed(Φ, Φˇ) = ∑ki=1Ed(Φi, Φˇi)/k, we have
Ed(Φ, Φˇ) ≥D (n
k
C) , (22)
where D(⋅) is the function inverse to R(D).
Note that, unlike the positive part of the noisy source coding theorem which applies in the asymptotic limit of
long codes with n → ∞, Theorem II.1 applies to any given system of the form of Fig. 1. It has been used to obtain
performance lower bounds in classical estimation and communication systems [34]. In its application to quantum
metrology [22, 23], the key point is to implement the classical channel C appearing in Fig. 1 using a quantum system
in the following way. Given a codeword symbol X, we implement a modulation map M that takes the symbol X and
a given probe state ρ in the Hilbert space H of the quantum system of interest into another density operator ρX onH. We then make a quantum measurement on ρX described by a Positive-Operator-Valued Measure (POVM) {ΠY }
[2, 30], whose outcome Y is the output codeword symbol (see blow-up of C in Fig. 1). Any such choice of probe state,
modulation map, and POVM induces a probability transition matrix PY ∣X(y∣x), i.e., a classical channel, for which a
channel capacity C may be defined. This C may then be used in eq. (22) to yield a lower bound on the distortion.
The calculation of C can be made to incorporate any constraints relevant to the sensing problem, e.g., an energy
constraint on the probe state, a constraint on the kind of modulation allowed, or a constraint on the measurement
POVM.
In the context of quantum optics, we can consider a fixed class of probe states, e.g., coherent or quadrature squeezed
states, certain kinds of modulation such as phase modulation or displacement in phase space, or restrict ourselves to
standard measurements such as photon counting, homodyne or heterodyne detection. The channel capacities under a
mean energy constraint under these probe, modulation, and measurement choices are known in many cases [23, 35].
Using this approach, performance bounds for the communication or sensing of a Gaussian source were obtained in
ref. [23]. In addition, for lossless estimation of a uniform phase parameter, a lower bound exhibiting SQL scaling
was obtained for coherent-state probes, and a lower bound exhibiting Heisenberg-limit scaling was obtained for a
quadrature-squeezed-state (or two-photon coherent state (TCS)) probe.
In this paper, we are mainly concerned with lower bounds on the CMSE for lossless and lossy phase estimation
under a mean energy constraint E on the probe state ρ used to sense the phase. We will not consider coding over
multiple instances of the phase, i.e., we set k = n = 1 in Fig. 1 so that X = Φ ≡ Φ and Y = Φˇ ≡ Φˇ. This assumption
of no coding is realistic in the single-parameter estimation problem considered here, though it may be relaxed in
more general situations. In line with the remarks above, a large part of our work consists in estimating the classical
capacity of the particular channel resulting from phase modulation of the probe state, while allowing arbitrary POVM
measurements on the modulated states.
III. QUANTUM LIMITS ON SINGLE-MODE PHASE ESTIMATION AND COMMUNICATION
In this Section, we begin our study of quantum limits by considering metrology and communication scenarios
involving a single optical mode with Hilbert space H. Fig. 2 depicts an arbitrary phase modulation scheme wherein a
phase parameter φ is modulated onto a probe state ρ of H via a Hamiltonian that is an arbitrary function Gˆ = f(Nˆ)
of the number operator Nˆ of the mode. While Gˆ = Nˆ corresponds to the usual linear modulation, many authors have
suggested that nonlinear Hamiltonians improve the sensitivity of phase estimation beyond the Heisenberg limit in
the local approach based on the QFI [36–38]. For any such Gˆ, the resulting output ensemble E = {PΦ(φ), ρφ}, where
ρφ = exp(−iφGˆ)ρ exp(iφGˆ). The average energy of the probe (and thus each state in the output ensemble) is assumed
to be bounded as:
Tr ρ Nˆ ≤ E. (23)
For an arbitrary estimator Φˇ of Φ that results from implementing a POVM on the ensemble, we are interested in
lower bounds on the CMSE of Eq. (5).
Figure 3 depicts a single-mode M -ary digital communication scheme. Here, an ensemble E = {pk, ρk}Mk=1 consisting of
M states {ρk}Mk=1 ofH drawn with probabilities {pk}Mk=1 is given under the average energy constraint∑k pk Tr ρkNˆ ≤ E.
The sender draws one of the states of the ensemble while the receiver implements a POVM {Πˆkˇ}Mkˇ=1 of his choice that
yields an estimate kˇ of the message chosen by the sender with a view to minimizing the average error probability
Pe = 1 − M∑
k=1pk Tr ρkΠˆk. (24)
In Sec. III B, we will derive a lower bound on Pe in terms of E and M .
7⇢
<latexit sha1_bas e64="PjOC8f12GtePOBgdPx3dJet4XJk =">AAAB63icbVBNS8NAEJ3Ur1q/qh69L BbBU0lE0GPRi8cKthbaUDbbTbN0P8LuR iihf8GLB0W8+oe8+W/ctDlo64OBx3szz MyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD 4+6RmWa0A5RXOlehA3lTNKOZZbTXqopF hGnj9HktvAfn6g2TMkHO01pKPBYspgRb AtpoBM1rDf8pj8HWiVBSRpQoj2sfw1Gi mSCSks4NqYf+KkNc6wtI5zOaoPM0BSTC R7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74 kcC2OmInKdAtvELHuF+J/Xz2x8HeZMpp mlkiwWxRlHVqHicTRimhLLp45gopm7FZ EEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66 aMowoncArnEMAVtOAO2tABAgk8wyu8ec J78d69j0VrxStnjuEPvM8fH6yORw==</ latexit><latexit sha1_bas e64="PjOC8f12GtePOBgdPx3dJet4XJk =">AAAB63icbVBNS8NAEJ3Ur1q/qh69L BbBU0lE0GPRi8cKthbaUDbbTbN0P8LuR iihf8GLB0W8+oe8+W/ctDlo64OBx3szz MyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD 4+6RmWa0A5RXOlehA3lTNKOZZbTXqopF hGnj9HktvAfn6g2TMkHO01pKPBYspgRb AtpoBM1rDf8pj8HWiVBSRpQoj2sfw1Gi mSCSks4NqYf+KkNc6wtI5zOaoPM0BSTC R7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74 kcC2OmInKdAtvELHuF+J/Xz2x8HeZMpp mlkiwWxRlHVqHicTRimhLLp45gopm7FZ EEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66 aMowoncArnEMAVtOAO2tABAgk8wyu8ec J78d69j0VrxStnjuEPvM8fH6yORw==</ latexit><latexit sha1_bas e64="PjOC8f12GtePOBgdPx3dJet4XJk =">AAAB63icbVBNS8NAEJ3Ur1q/qh69L BbBU0lE0GPRi8cKthbaUDbbTbN0P8LuR iihf8GLB0W8+oe8+W/ctDlo64OBx3szz MyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD 4+6RmWa0A5RXOlehA3lTNKOZZbTXqopF hGnj9HktvAfn6g2TMkHO01pKPBYspgRb AtpoBM1rDf8pj8HWiVBSRpQoj2sfw1Gi mSCSks4NqYf+KkNc6wtI5zOaoPM0BSTC R7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74 kcC2OmInKdAtvELHuF+J/Xz2x8HeZMpp mlkiwWxRlHVqHicTRimhLLp45gopm7FZ EEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66 aMowoncArnEMAVtOAO2tABAgk8wyu8ec J78d69j0VrxStnjuEPvM8fH6yORw==</ latexit><latexit sha1_bas e64="PjOC8f12GtePOBgdPx3dJet4XJk =">AAAB63icbVBNS8NAEJ3Ur1q/qh69L BbBU0lE0GPRi8cKthbaUDbbTbN0P8LuR iihf8GLB0W8+oe8+W/ctDlo64OBx3szz MyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD 4+6RmWa0A5RXOlehA3lTNKOZZbTXqopF hGnj9HktvAfn6g2TMkHO01pKPBYspgRb AtpoBM1rDf8pj8HWiVBSRpQoj2sfw1Gi mSCSks4NqYf+KkNc6wtI5zOaoPM0BSTC R7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74 kcC2OmInKdAtvELHuF+J/Xz2x8HeZMpp mlkiwWxRlHVqHicTRimhLLp45gopm7FZ EEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66 aMowoncArnEMAVtOAO2tABAgk8wyu8ec J78d69j0VrxStnjuEPvM8fH6yORw==</ latexit>
⇢ 
<latexit sha1_base64="u9ta7YK1D7ZvU VeDofOAtIaL18s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idz GaHzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfG+v63V1pb39jcKm9Xdnb39g +qh0dto3JNaIsornQ3xoZyJmnLMstpN9MUi5jTTjy6nfmdJ6oNU/LBjjMaCTyULGEEWyc 9hjpV/TBLWb9a8+v+HGiVBAWpQYFmv/oVDhTJBZWWcGxML/AzG02wtoxwOq2EuaEZJiM8p D1HJRbURJP5wVN05pQBSpR2JS2aq78nJlgYMxax6xTYpmbZm4n/eb3cJtfRhMkst1SSxa Ik58gqNPseDZimxPKxI5ho5m5FJMUaE+syqrgQguWXV0n7oh749eD+sta4KeIowwmcwjk EcAUNuIMmtICAgGd4hTdPey/eu/exaC15xcwx/IH3+QPmgJB1</latexit><latexit sha1_base64="u9ta7YK1D7ZvU VeDofOAtIaL18s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idz GaHzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfG+v63V1pb39jcKm9Xdnb39g +qh0dto3JNaIsornQ3xoZyJmnLMstpN9MUi5jTTjy6nfmdJ6oNU/LBjjMaCTyULGEEWyc 9hjpV/TBLWb9a8+v+HGiVBAWpQYFmv/oVDhTJBZWWcGxML/AzG02wtoxwOq2EuaEZJiM8p D1HJRbURJP5wVN05pQBSpR2JS2aq78nJlgYMxax6xTYpmbZm4n/eb3cJtfRhMkst1SSxa Ik58gqNPseDZimxPKxI5ho5m5FJMUaE+syqrgQguWXV0n7oh749eD+sta4KeIowwmcwjk EcAUNuIMmtICAgGd4hTdPey/eu/exaC15xcwx/IH3+QPmgJB1</latexit><latexit sha1_base64="u9ta7YK1D7ZvU VeDofOAtIaL18s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idz GaHzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfG+v63V1pb39jcKm9Xdnb39g +qh0dto3JNaIsornQ3xoZyJmnLMstpN9MUi5jTTjy6nfmdJ6oNU/LBjjMaCTyULGEEWyc 9hjpV/TBLWb9a8+v+HGiVBAWpQYFmv/oVDhTJBZWWcGxML/AzG02wtoxwOq2EuaEZJiM8p D1HJRbURJP5wVN05pQBSpR2JS2aq78nJlgYMxax6xTYpmbZm4n/eb3cJtfRhMkst1SSxa Ik58gqNPseDZimxPKxI5ho5m5FJMUaE+syqrgQguWXV0n7oh749eD+sta4KeIowwmcwjk EcAUNuIMmtICAgGd4hTdPey/eu/exaC15xcwx/IH3+QPmgJB1</latexit><latexit sha1_base64="u9ta7YK1D7ZvU VeDofOAtIaL18s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idz GaHzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfG+v63V1pb39jcKm9Xdnb39g +qh0dto3JNaIsornQ3xoZyJmnLMstpN9MUi5jTTjy6nfmdJ6oNU/LBjjMaCTyULGEEWyc 9hjpV/TBLWb9a8+v+HGiVBAWpQYFmv/oVDhTJBZWWcGxML/AzG02wtoxwOq2EuaEZJiM8p D1HJRbURJP5wVN05pQBSpR2JS2aq78nJlgYMxax6xTYpmbZm4n/eb3cJtfRhMkst1SSxa Ik58gqNPseDZimxPKxI5ho5m5FJMUaE+syqrgQguWXV0n7oh749eD+sta4KeIowwmcwjk EcAUNuIMmtICAgGd4hTdPey/eu/exaC15xcwx/IH3+QPmgJB1</latexit>
 
<latexit sha1_base64="vMCmCBvrQqvMkc Ze5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5 okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzz qmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9 YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6 wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGr Zg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv 8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkc Ze5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5 okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzz qmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9 YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6 wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGr Zg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv 8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkc Ze5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5 okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzz qmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9 YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6 wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGr Zg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv 8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkc Ze5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5 okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzz qmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9 YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6 wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGr Zg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv 8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>
 ˇ
<latexit sha1_base64="rDL2DBVrTXyhOm PO3J0NGKYUlBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbN 0kyy7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvlIJr47rfTmVtfWNzq7pd29nd2z+oHx5 1dZYrhh2WiUz1QqpR8BQ7hhuBPamQJqHAx3B8O/Mfn1BpnqUPZiIxSOgo5RFn1FjJ91mMbF z4MubTQb3hNt05yCrxStKAEu1B/csfZixPMDVMUK37nitNUFBlOBM4rfm5RknZmI6wb2lKE 9RBMb95Ss6sMiRRpmylhszV3xMFTbSeJKHtTKiJ9bI3E//z+rmJroOCpzI3mLLFoigXxGRkF gAZcoXMiIkllClubyUspooyY2Oq2RC85ZdXSfei6blN7/6y0bop46jCCZzCOXhwBS24gzZ0 gIGEZ3iFNyd3Xpx352PRWnHKmWP4A+fzB1uPkeE=</latexit><latexit sha1_base64="rDL2DBVrTXyhOm PO3J0NGKYUlBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbN 0kyy7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvlIJr47rfTmVtfWNzq7pd29nd2z+oHx5 1dZYrhh2WiUz1QqpR8BQ7hhuBPamQJqHAx3B8O/Mfn1BpnqUPZiIxSOgo5RFn1FjJ91mMbF z4MubTQb3hNt05yCrxStKAEu1B/csfZixPMDVMUK37nitNUFBlOBM4rfm5RknZmI6wb2lKE 9RBMb95Ss6sMiRRpmylhszV3xMFTbSeJKHtTKiJ9bI3E//z+rmJroOCpzI3mLLFoigXxGRkF gAZcoXMiIkllClubyUspooyY2Oq2RC85ZdXSfei6blN7/6y0bop46jCCZzCOXhwBS24gzZ0 gIGEZ3iFNyd3Xpx352PRWnHKmWP4A+fzB1uPkeE=</latexit><latexit sha1_base64="rDL2DBVrTXyhOm PO3J0NGKYUlBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbN 0kyy7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvlIJr47rfTmVtfWNzq7pd29nd2z+oHx5 1dZYrhh2WiUz1QqpR8BQ7hhuBPamQJqHAx3B8O/Mfn1BpnqUPZiIxSOgo5RFn1FjJ91mMbF z4MubTQb3hNt05yCrxStKAEu1B/csfZixPMDVMUK37nitNUFBlOBM4rfm5RknZmI6wb2lKE 9RBMb95Ss6sMiRRpmylhszV3xMFTbSeJKHtTKiJ9bI3E//z+rmJroOCpzI3mLLFoigXxGRkF gAZcoXMiIkllClubyUspooyY2Oq2RC85ZdXSfei6blN7/6y0bop46jCCZzCOXhwBS24gzZ0 gIGEZ3iFNyd3Xpx352PRWnHKmWP4A+fzB1uPkeE=</latexit><latexit sha1_base64="rDL2DBVrTXyhOm PO3J0NGKYUlBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbN 0kyy7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvlIJr47rfTmVtfWNzq7pd29nd2z+oHx5 1dZYrhh2WiUz1QqpR8BQ7hhuBPamQJqHAx3B8O/Mfn1BpnqUPZiIxSOgo5RFn1FjJ91mMbF z4MubTQb3hNt05yCrxStKAEu1B/csfZixPMDVMUK37nitNUFBlOBM4rfm5RknZmI6wb2lKE 9RBMb95Ss6sMiRRpmylhszV3xMFTbSeJKHtTKiJ9bI3E//z+rmJroOCpzI3mLLFoigXxGRkF gAZcoXMiIkllClubyUspooyY2Oq2RC85ZdXSfei6blN7/6y0bop46jCCZzCOXhwBS24gzZ0 gIGEZ3iFNyd3Xpx352PRWnHKmWP4A+fzB1uPkeE=</latexit>
M
<latexit sha1_base64="phZHaf37M WpQea5oXK/jTdgtkH0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl 040aoYB/QhjKZTtqhk5kwcyOU0M9w40IRt36NO//GSZuFth4YOJxzL3PuCRPB DXret1NaW9/Y3CpvV3Z29/YPqodHbaNSTVmLKqF0NySGCS5ZCzkK1k00I3Eo WCec3OZ+54lpw5V8xGnCgpiMJI84JWilXj8mOKZEZPezQbXm1b053FXiF6QG BZqD6ld/qGgaM4lUEGN6vpdgkBGNnAo2q/RTwxJCJ2TEepZKEjMTZPPIM/fMK kM3Uto+ie5c/b2RkdiYaRzayTyiWfZy8T+vl2J0HWRcJikySRcfRalwUbn5/ e6Qa0ZRTC0hVHOb1aVjoglF21LFluAvn7xK2hd136v7D5e1xk1RRxlO4BTOwY craMAdNKEFFBQ8wyu8Oei8OO/Ox2K05BQ7x/AHzucPgoqRYw==</latexit><latexit sha1_base64="phZHaf37M WpQea5oXK/jTdgtkH0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl 040aoYB/QhjKZTtqhk5kwcyOU0M9w40IRt36NO//GSZuFth4YOJxzL3PuCRPB DXret1NaW9/Y3CpvV3Z29/YPqodHbaNSTVmLKqF0NySGCS5ZCzkK1k00I3Eo WCec3OZ+54lpw5V8xGnCgpiMJI84JWilXj8mOKZEZPezQbXm1b053FXiF6QG BZqD6ld/qGgaM4lUEGN6vpdgkBGNnAo2q/RTwxJCJ2TEepZKEjMTZPPIM/fMK kM3Uto+ie5c/b2RkdiYaRzayTyiWfZy8T+vl2J0HWRcJikySRcfRalwUbn5/ e6Qa0ZRTC0hVHOb1aVjoglF21LFluAvn7xK2hd136v7D5e1xk1RRxlO4BTOwY craMAdNKEFFBQ8wyu8Oei8OO/Ox2K05BQ7x/AHzucPgoqRYw==</latexit><latexit sha1_base64="phZHaf37M WpQea5oXK/jTdgtkH0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl 040aoYB/QhjKZTtqhk5kwcyOU0M9w40IRt36NO//GSZuFth4YOJxzL3PuCRPB DXret1NaW9/Y3CpvV3Z29/YPqodHbaNSTVmLKqF0NySGCS5ZCzkK1k00I3Eo WCec3OZ+54lpw5V8xGnCgpiMJI84JWilXj8mOKZEZPezQbXm1b053FXiF6QG BZqD6ld/qGgaM4lUEGN6vpdgkBGNnAo2q/RTwxJCJ2TEepZKEjMTZPPIM/fMK kM3Uto+ie5c/b2RkdiYaRzayTyiWfZy8T+vl2J0HWRcJikySRcfRalwUbn5/ e6Qa0ZRTC0hVHOb1aVjoglF21LFluAvn7xK2hd136v7D5e1xk1RRxlO4BTOwY craMAdNKEFFBQ8wyu8Oei8OO/Ox2K05BQ7x/AHzucPgoqRYw==</latexit><latexit sha1_base64="phZHaf37M WpQea5oXK/jTdgtkH0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl 040aoYB/QhjKZTtqhk5kwcyOU0M9w40IRt36NO//GSZuFth4YOJxzL3PuCRPB DXret1NaW9/Y3CpvV3Z29/YPqodHbaNSTVmLKqF0NySGCS5ZCzkK1k00I3Eo WCec3OZ+54lpw5V8xGnCgpiMJI84JWilXj8mOKZEZPezQbXm1b053FXiF6QG BZqD6ld/qGgaM4lUEGN6vpdgkBGNnAo2q/RTwxJCJ2TEepZKEjMTZPPIM/fMK kM3Uto+ie5c/b2RkdiYaRzayTyiWfZy8T+vl2J0HWRcJikySRcfRalwUbn5/ e6Qa0ZRTC0hVHOb1aVjoglF21LFluAvn7xK2hd136v7D5e1xk1RRxlO4BTOwY craMAdNKEFFBQ8wyu8Oei8OO/Ox2K05BQ7x/AHzucPgoqRYw==</latexit>
POVM
FIG. 2. Schematic of a single-mode phase estimation
scheme: A phase φ is modulated on to a probe state ρ
satisfying the average energy constraint of Eq. (23), giv-
ing rise to an ensemble of states {ρφ} with probability
distribution PΦ(φ). An arbitrary POVM is measured to
yield an estimate φˇ.
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FIG. 3. A general single-mode M -ary communication
scheme: Each of M messages k ∈ {1, . . . ,M} drawn from
a probability distribution {pk}Mk=1 is mapped to a state ρk
of a single optical mode such that the output ensemble
satisfies the average energy constraint (36). Measuring
the state using an arbitrary POVM generates an estimate
kˇ ∈ {1, . . . ,M} of the message.
A. Heisenberg Limits for Noiseless Phase Estimation
Consider the single-mode phase estimation scheme of Fig. 2. As mentioned above the state of the output ensemble
corresponding to the value φ is ρφ = exp(−iφGˆ)ρ exp(iφGˆ) with Gˆ = f(Nˆ). If the average energy of the probe ρ is
less than or equal to E, the average energy of the output ensemble is also bounded by E. The unrestricted classical
capacity C(E) (in nats/use) of a single-mode noiseless channel under a mean energy constraint on the output ensemble
is well known [39] and is given by
g(E) ≡ (E + 1) ln (E + 1) −E lnE, (25)
which is an increasing function of E. By ‘unrestricted’, we mean that there is no constraint on the output ensemble
of the modulation map other than that the ensemble has mean energy E, and that the POVM used on the output
ensemble is arbitrary. In particular, the energy-constrained capacity Cph(E) of the phase modulation scheme of Fig. 2
satisfies Cph(E) ≤ g(E). We can now apply the ITI (22) by taking the channel C of Fig. 1 to be realized by phase
modulation as in Fig. 2 and taking k = n = 1, X = Φ, and Φˇ = Y . Adopting the cyclic square error distortion measure
(4), we apply the Shannon lower bound (21) to get (recall that the inverse of the rate-distortion function D(⋅) is a
decreasing function of its argument):
CMSE ≥D(Cph(E)) ≥D (g(E))
≥D (g(E)) = QΦ (1 + 1
E
)−2E 1(E + 1)2≥ QΦ
e2
1(E + 1)2 . (26)
This lower bound on the CMSE is valid for arbitrary generators Gˆ = f (Nˆ) and has the form of a Heisenberg limit by
virtue of its inverse quadratic dependence on E. Further, it depends on the prior distribution of the phase through
its entropy power QΦ. For linear modulation Gˆ = Nˆ , the above argument for Heisenberg-limit scaling was, in essence,
given by Yuen in ref. [22], though specialized to a uniform prior and for the squared error distortion measure. It is
also interesting to note that the above bound agrees with a different Bayesian bound of Hall and Wiseman [18] (see
Eq. (17) and the surrounding discussion therein) for a phase distribution uniformly distributed on an interval of length
L in (−pi,pi], in which case QΦ = L2/2pie. It also agrees with another bound valid for a uniform prior distribution on(−pi,pi] and derived using entropic uncertainty relations [14].
For the important special case of linear phase estimation for which f(Nˆ) = Nˆ , consider the potentially more
powerful ancilla-assisted parallel strategy in which a joint probe state ρ of M ‘signal’ modes (S) and an arbitrary
‘ancilla’ system A with a total average energy E in the signal modes is prepared. The signal modes each undergo a
phase shift φ while the ancilla modes remain unaffected so that we have the output state
ρφ = Uˆφ ρ Uˆ †φ (27)
for
Uˆφ = ( M⊗
m=1 e−iφNˆm)⊗ IˆA, (28)
8where {Nˆm}Mm=1 are the photon number operators of the M signal modes and IˆA is the identity operator on the ancilla
system. Finally, a POVM is implemented on the joint signal-ancilla system to yield an estimate Φˇ of Φ. However, it
can be shown [40] (see also [41])3 that any such strategy has the same performance as a suitably chosen single-mode
probe of average energy E or less so that the same Heisenberg limit (26) applies to such strategies. Similarly, it is
easy to verify that for any nonlinear generator f (Nˆ) acting on a single signal mode, any ancilla-assisted scheme is
equivalent to a corresponding scheme involving states of the signal mode alone. Such schemes are accordingly subject
to the Heisenberg limit (26) as well.
In another direction, we may wonder if the bound (26) may be strengthened by evaluating and using in the derivation
the capacity Cph(E) of a single-mode channel that is restricted to employ phase modulation on a probe rather than
the unrestricted capacity g(E). Indeed, the ensembles well-known to achieve g(E) are the number states with a
thermal distribution [39] and coherent states with a circularly-symmetric Gaussian distribution on the phase space
[42]. However, using uniform phase modulation on the probe state
∣ψ⟩ = 1√
E + 1 ∞∑n=0( EE + 1)
n/2 ∣n⟩ , (29)
achieves Cph(E) = g(E) [43], so that (26) cannot be improved in this way. However, if the probe state is restricted
to be a single-mode coherent state ∣√E⟩, the capacity achievable using any linear or nonlinear Hamiltonian for phase
modulation is bounded by the Holevo bound [30, 39, 44] as:
CCSph (E) ≤ S (∫ dφPΦ(φ)ρφ) ≡ S(ρ) (30)≤ S (N (ρ)) , (31)
where S(⋅) is the von Neumann entropy, N is the quantum channel given by
N (σ) ∶= ∞∑
n=0⟨n∣σ ∣n⟩ ∣n⟩ ⟨n∣ (32)
and representing a measurement in the photon number basis {∣n⟩}, and the last inequality follows from the fact that
this channel is unital and hence entropy non-decreasing [30]. Thus, CCSph (E) is upper-bounded by the (Shannon)
entropy of a Poisson distribution of mean E. The Shannon entropy of an integer-valued random variable X can be
bounded in terms of its variance as [45]:
H(X) ≤ 1
2
ln [2pie(VarX + 1
12
)] , (33)
resulting in
CCSph (E) ≤ 12 ln [2pie(E + 112)] . (34)
Inserting this bound into the ITI as above results in the lower bound
CMSE ≥ QΦ
2pie (E + 1
12
) (35)
which shows an SQL scaling of the CMSE with E (see also the discussion in ref. [7]).
We note that several authors have derived Bayesian bounds with Heisenberg-limit scaling in terms of the mean
value of the generator Gˆ = f(Nˆ) of the modulation [15, 17, 18, 20]. The bounds derived here are rather in terms of
the physically relevant probe energy and are stronger than the former for superlinear functions f .
Finally, we note that our use of the unrestricted capacity g(E) in the derivation of the Heisenberg limit (26)
implies that it also applies to any modulation scheme of a real-valued parameter x ∈ X ⊂ R on to states ρx of H
(with the CMSE replaced by the usual MSE (3)), which may be neither unitary nor energy-conserving as long as the
average energy of the output ensemble is less than or equal to E . This generality is one of the useful features of the
rate-distortion approach to Bayesian metrology bounds.
3 A sketch of the argument: Without loss of generality, we may consider a pure-state probe of the signal modes and ancilla. We then
show that the inner product between the modulated states for any pair of phases (φ,φ′) is the same as that of a suitably chosen
single-signal-mode probe of the same energy. This probe and the original probe must therefore yield the same optimal performance.
9B. Limit on optical M-ary communication
Consider now the general M -ary digital communication scheme shown in Figure 3. A sender wishes to communicate
one of M messages {1, . . . ,M} to a receiver over a single-mode optical channel. The message, represented by the
random variable K, has the prior probability distribution {pk}Mk=1. The modulation map M takes message k into a
state ρk of H in any manner that satisfies the average energy constraint
∑
k
pk Tr ρkNˆ ≤ E. (36)
The receiver implements a POVM {Πˆkˇ}Mkˇ=1 that yields an estimate Kˇ of the message chosen by the sender with a
view to minimizing the average error probability
Pe = 1 − M∑
k=1pk Tr ρkΠˆk (37)= Ed(K,Kˇ) (38)
in terms of the Hamming distortion function d(k, kˇ) = 1 − δk,kˇ. Similar to our approach to obtain MSE (or CMSE)
bounds for estimation problems, we may consider the rate-distortion function for K with the Hamming distortion
measure [26, 46], derive a Shannon lower bound on it, and apply the ITI along with the unrestricted capacity g(E) of
a single-mode channel to get a lower bound on Pe. It turns out that the final result is equivalent to applying Fano’s
inequality [26, 47] which states in the present context that
H2(K ∣Kˆ) ≤ h2(Pe) + Pe log2(M − 1). (39)
Here h2(x) = −x log2(x)−(1−x) log2(1−x) is the binary entropy function and the subscripts on the entropies indicate
that logarithms to base 2 are being taken. Applying the inequalities Pe ≤ √Pe and h2(x) ≤ 2√x(1 − x) ≤ 2√x for
0 ≤ x ≤ 1 [48], and using the Holevo bound on I(K; Kˇ), we have H(K ∣Kˇ) = H(K) − I(K; Kˇ) ≥ H(K) − g(E) ≥
H(K) − ln(1 +E) − 1. Rearranging, we get√
Pe ≥ ln(2) [H(K) − ln(E + 1) − 1]
ln [2(M − 1)] , (40)
which represents a fundamental tradeoff between Pe, E and M .
In particular, consider the possibility of zero-error communication (Pe = 0) for a given M . For equiprobable
messages, Eq. (40) implies that
E ≥M/e − 1 (41)
is a necessary condition for this to be possible. Sending the number states {∣0⟩ , . . . , ∣M − 1⟩} and performing photon
counting at the receiver achieves zero error with an average energy of (M − 1)/2. Transmitting the eigenstates of the
Pegg-Barnett phase operator [49] defined on a space truncated to a maximum photon number of M − 1 also achieves
zero error at the same average energy [41]. Although the condition (41) is not tight for these examples, it implies
that no other M -ary communication scheme can achieve zero error with a substantially smaller average energy.
IV. HEISENBERG LIMIT FOR MULTIMODE MULTIPASS PHASE ESTIMATION
In Section III A, the performance of phase modulation schemes involving multiple signal modes, ancilla-assisted
schemes, and schemes involving nonlinear modulation were reduced to that involving a single signal mode. However,
in all those schemes, a given signal mode is modulated by the phase element only once. It may be feasible in
some situations for each signal mode to be linearly modulated by the phase being sensed multiple times in so-called
sequential schemes [3]. It is well-known in the QFI-based approach that such sequential schemes may result in greater
measurement precision for the same resources – see, e.g., [50, 51]. In this section, we derive limits on the CMSE of
multimode multipass schemes for phase estimation under an energy constraint. Such schemes (see Fig. 4) are a hybrid
of parallel and sequential strategies and have been studied both theoretically and experimentallly [50, 52–54].
For optical phase estimation in the absence of additional loss or noise, and in the Bayesian framework considered
here, we showed in Sec. III A that the most general ancilla-assisted entangled parallel strategy has the same perfor-
mance as a suitable single-signal-mode ancilla-free strategy. For ancilla-free multipass, i.e., sequential strategies with
a single signal mode, the analysis of Sec. III A goes through unchanged and the Heisenberg scaling (26) with respect
to the average signal energy cannot be beaten.
10
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<latexit sha1_base64="/t6V4i7ah CddeBFsB+EURXM+tVg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRj Ruhon1AG8JkMmmHTh7MTJQS8yluXCji1i9x5984TbPQ1gMXDufcO3fu8RLOpL Ksb6Oysrq2vlHdrG1t7+zumfX9roxTQWiHxDwWfQ9LyllEO4opTvuJoDj0OO1 5k6uZ33ugQrI4ulfThDohHkUsYAQrLblmPRsWj2SC+jm6c29y12xYTasAWiZ2S RpQou2aX0M/JmlII0U4lnJgW4lyMiwUI5zmtWEqaYLJBI/oQNMIh1Q6WbE1R8 da8VEQC12RQoX6eyLDoZTT0NOdIVZjuejNxP+8QaqCCydjUZIqGpH5oiDlSMV olgPymaBE8akmmAim/4rIGAtMlE6rpkOwF09eJt3Tpm017duzRuuyjKMKh3AEJ 2DDObTgGtrQAQKP8Ayv8GY8GS/Gu/Exb60Y5cwB/IHx+QNzMJQa</latexit><latexit sha1_base64="/t6V4i7ah CddeBFsB+EURXM+tVg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRj Ruhon1AG8JkMmmHTh7MTJQS8yluXCji1i9x5984TbPQ1gMXDufcO3fu8RLOpL Ksb6Oysrq2vlHdrG1t7+zumfX9roxTQWiHxDwWfQ9LyllEO4opTvuJoDj0OO1 5k6uZ33ugQrI4ulfThDohHkUsYAQrLblmPRsWj2SC+jm6c29y12xYTasAWiZ2S RpQou2aX0M/JmlII0U4lnJgW4lyMiwUI5zmtWEqaYLJBI/oQNMIh1Q6WbE1R8 da8VEQC12RQoX6eyLDoZTT0NOdIVZjuejNxP+8QaqCCydjUZIqGpH5oiDlSMV olgPymaBE8akmmAim/4rIGAtMlE6rpkOwF09eJt3Tpm017duzRuuyjKMKh3AEJ 2DDObTgGtrQAQKP8Ayv8GY8GS/Gu/Exb60Y5cwB/IHx+QNzMJQa</latexit><latexit sha1_base64="/t6V4i7ah CddeBFsB+EURXM+tVg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRj Ruhon1AG8JkMmmHTh7MTJQS8yluXCji1i9x5984TbPQ1gMXDufcO3fu8RLOpL Ksb6Oysrq2vlHdrG1t7+zumfX9roxTQWiHxDwWfQ9LyllEO4opTvuJoDj0OO1 5k6uZ33ugQrI4ulfThDohHkUsYAQrLblmPRsWj2SC+jm6c29y12xYTasAWiZ2S RpQou2aX0M/JmlII0U4lnJgW4lyMiwUI5zmtWEqaYLJBI/oQNMIh1Q6WbE1R8 da8VEQC12RQoX6eyLDoZTT0NOdIVZjuejNxP+8QaqCCydjUZIqGpH5oiDlSMV olgPymaBE8akmmAim/4rIGAtMlE6rpkOwF09eJt3Tpm017duzRuuyjKMKh3AEJ 2DDObTgGtrQAQKP8Ayv8GY8GS/Gu/Exb60Y5cwB/IHx+QNzMJQa</latexit><latexit sha1_base64="/t6V4i7ah CddeBFsB+EURXM+tVg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRj Ruhon1AG8JkMmmHTh7MTJQS8yluXCji1i9x5984TbPQ1gMXDufcO3fu8RLOpL Ksb6Oysrq2vlHdrG1t7+zumfX9roxTQWiHxDwWfQ9LyllEO4opTvuJoDj0OO1 5k6uZ33ugQrI4ulfThDohHkUsYAQrLblmPRsWj2SC+jm6c29y12xYTasAWiZ2S RpQou2aX0M/JmlII0U4lnJgW4lyMiwUI5zmtWEqaYLJBI/oQNMIh1Q6WbE1R8 da8VEQC12RQoX6eyLDoZTT0NOdIVZjuejNxP+8QaqCCydjUZIqGpH5oiDlSMV olgPymaBE8akmmAim/4rIGAtMlE6rpkOwF09eJt3Tpm017duzRuuyjKMKh3AEJ 2DDObTgGtrQAQKP8Ayv8GY8GS/Gu/Exb60Y5cwB/IHx+QNzMJQa</latexit>
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<latexit sha1_base64="rDL2DBVrTXyhOmPO3J0NGK YUlBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbN0kyy7G6GE/g0vHhTx6p/x5r9 x2+agrQ8GHu/NMDMvlIJr47rfTmVtfWNzq7pd29nd2z+oHx51dZYrhh2WiUz1QqpR8BQ7hhuBPamQJqHAx3B8O/M fn1BpnqUPZiIxSOgo5RFn1FjJ91mMbFz4MubTQb3hNt05yCrxStKAEu1B/csfZixPMDVMUK37nitNUFBlOBM4rf m5RknZmI6wb2lKE9RBMb95Ss6sMiRRpmylhszV3xMFTbSeJKHtTKiJ9bI3E//z+rmJroOCpzI3mLLFoigXxGRkF gAZcoXMiIkllClubyUspooyY2Oq2RC85ZdXSfei6blN7/6y0bop46jCCZzCOXhwBS24gzZ0gIGEZ3iFNyd3Xpx3 52PRWnHKmWP4A+fzB1uPkeE=</latexit><latexit sha1_base64="rDL2DBVrTXyhOmPO3J0NGK YUlBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbN0kyy7G6GE/g0vHhTx6p/x5r9 x2+agrQ8GHu/NMDMvlIJr47rfTmVtfWNzq7pd29nd2z+oHx51dZYrhh2WiUz1QqpR8BQ7hhuBPamQJqHAx3B8O/M fn1BpnqUPZiIxSOgo5RFn1FjJ91mMbFz4MubTQb3hNt05yCrxStKAEu1B/csfZixPMDVMUK37nitNUFBlOBM4rf m5RknZmI6wb2lKE9RBMb95Ss6sMiRRpmylhszV3xMFTbSeJKHtTKiJ9bI3E//z+rmJroOCpzI3mLLFoigXxGRkF gAZcoXMiIkllClubyUspooyY2Oq2RC85ZdXSfei6blN7/6y0bop46jCCZzCOXhwBS24gzZ0gIGEZ3iFNyd3Xpx3 52PRWnHKmWP4A+fzB1uPkeE=</latexit><latexit sha1_base64="rDL2DBVrTXyhOmPO3J0NGK YUlBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbN0kyy7G6GE/g0vHhTx6p/x5r9 x2+agrQ8GHu/NMDMvlIJr47rfTmVtfWNzq7pd29nd2z+oHx51dZYrhh2WiUz1QqpR8BQ7hhuBPamQJqHAx3B8O/M fn1BpnqUPZiIxSOgo5RFn1FjJ91mMbFz4MubTQb3hNt05yCrxStKAEu1B/csfZixPMDVMUK37nitNUFBlOBM4rf m5RknZmI6wb2lKE9RBMb95Ss6sMiRRpmylhszV3xMFTbSeJKHtTKiJ9bI3E//z+rmJroOCpzI3mLLFoigXxGRkF gAZcoXMiIkllClubyUspooyY2Oq2RC85ZdXSfei6blN7/6y0bop46jCCZzCOXhwBS24gzZ0gIGEZ3iFNyd3Xpx3 52PRWnHKmWP4A+fzB1uPkeE=</latexit><latexit sha1_base64="rDL2DBVrTXyhOmPO3J0NGK YUlBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbN0kyy7G6GE/g0vHhTx6p/x5r9 x2+agrQ8GHu/NMDMvlIJr47rfTmVtfWNzq7pd29nd2z+oHx51dZYrhh2WiUz1QqpR8BQ7hhuBPamQJqHAx3B8O/M fn1BpnqUPZiIxSOgo5RFn1FjJ91mMbFz4MubTQb3hNt05yCrxStKAEu1B/csfZixPMDVMUK37nitNUFBlOBM4rf m5RknZmI6wb2lKE9RBMb95Ss6sMiRRpmylhszV3xMFTbSeJKHtTKiJ9bI3E//z+rmJroOCpzI3mLLFoigXxGRkF gAZcoXMiIkllClubyUspooyY2Oq2RC85ZdXSfei6blN7/6y0bop46jCCZzCOXhwBS24gzZ0gIGEZ3iFNyd3Xpx3 52PRWnHKmWP4A+fzB1uPkeE=</latexit> 
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=" >AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAp urOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9Y bXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWx sVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CC O2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=" >AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAp urOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9Y bXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWx sVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CC O2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=" >AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAp urOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9Y bXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWx sVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CC O2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=" >AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAp urOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9Y bXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWx sVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CC O2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>
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<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=" >AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAp urOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9Y bXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWx sVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CC O2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=" >AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAp urOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9Y bXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWx sVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CC O2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=" >AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAp urOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9Y bXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWx sVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CC O2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=" >AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAp urOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9Y bXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWx sVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CC O2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>
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<latexit sha1_base64="P jOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuR iihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K 2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbT XqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1r Df8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5 zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74k cC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHic TRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8 tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0V rxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="P jOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuR iihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K 2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbT XqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1r Df8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5 zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74k cC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHic TRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8 tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0V rxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="P jOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuR iihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K 2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbT XqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1r Df8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5 zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74k cC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHic TRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8 tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0V rxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="P jOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuR iihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K 2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbT XqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1r Df8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5 zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74k cC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHic TRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8 tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0V rxStnjuEPvM8fH6yORw==</latexit> {
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FIG. 4. Schematic of a multimode multipass phase estimation setup: A probe state ρ of M signal modes S1, . . . , SM is used to
estimate the phase φ of a phase element. The m-th mode makes pim passes through the phase element.
Let us now consider multipass strategies using M signal modes. The unrestricted capacity of M optical modes
with a total energy constraint of E across the modes is M g (E/M) and applying the ITI yields a lower bound on
the CMSE ∝ exp(−E) in the limit M → ∞, which – if realizable – is potentially highly significant [7, 22]. We can
leverage the results of [7] to get a tighter bound for multimode multipass phase estimation. Suppose that the m-th
mode makes pim passes through the phase element (Fig. 4) – see [52] for an experimental realization that exploits the
quantum phase estimation algorithm [30, 50]. For Nˆm the number operator of the m-th mode, the M -mode probe
state ρ is transformed as:
ρ↦ ρφ = exp(−iφGˆ)ρ exp(iφGˆ), (42)
with the generator Gˆ given by:
Gˆ = M∑
m=1pim Nˆm. (43)
In [7], it was shown that the mutual information (and hence the capacity under phase modulation) I (Φ; Φˇ) between
Φ and the outcome Φˇ of any POVM measured on the modulated state is bounded as
I (Φ; Φˇ) ≤ AGˆ(ρ) ≤H (Gˆ∣ρ) (44)
where AGˆ(ρ) is the Gˆ-asymmetry of the probe state [55] which is in turn bounded by the Shannon entropy of the
measurement of the observable Gˆ on the probe state. The spectrum of Gˆ consists of a subset of the non-negative
integers so that
H (Gˆ∣ρ) ≤ g (⟨Gˆ⟩
ρ
) = g ( M∑
m=1pim ⟨Nˆm⟩ρ) ≤ g (pimaxE) , (45)
where pimax is the largest of {pim}Mm=1. Together with the ITI, this yields the Heisenberg limit
CMSE ≥ QΦ
e2
1(pimaxE + 1)2 . (46)
If the number of passes and the total energy are considered as independent parameters, Eq. (46) shows that Heisenberg
scaling with the total energy E cannot be beaten by a multimode multipass strategy with fixed M and {pim}Mm=1. In
particular, the exponential scaling with respect to the average number of photons demonstrated in [52] can be seen
as a consequence of the maximum number of passes in the setup being itself exponential in the number of photons.
The bound (46) suggests that the route of multimode multipass linear phase modulation is impractical for obtaining
super-Heisenberg scaling with respect to the total average energy in the signal modes.
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⇢0
<latexit sha1_base64="ToF3pUSP8V0xcdhL2BLEAS5ZV gU=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegF48R3CSQLGF2MpsMmccyMyuEJd/gxYMiXv0gb/6Nk2QPmlj QUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+m/ntJ6oNU/LRTlIa CTyULGEEWyeFPT1S5/1qza/7c6BVEhSkBgWa/epXb6BIJqi0hGNjuoGf2ijH2jLC6bTSywxNMRnjIe06KrGgJsrnx07R mVMGKFHalbRorv6eyLEwZiJi1ymwHZllbyb+53Uzm9xEOZNpZqkki0VJxpFVaPY5GjBNieUTRzDRzN2KyAhrTKzLp+JCC JZfXiWty3rg14OHq1rjtoijDCdwChcQwDU04B6aEAIBBs/wCm+e9F68d+9j0Vryiplj+APv8weBV454</latexit><latexit sha1_base64="ToF3pUSP8V0xcdhL2BLEAS5ZV gU=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegF48R3CSQLGF2MpsMmccyMyuEJd/gxYMiXv0gb/6Nk2QPmlj QUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+m/ntJ6oNU/LRTlIa CTyULGEEWyeFPT1S5/1qza/7c6BVEhSkBgWa/epXb6BIJqi0hGNjuoGf2ijH2jLC6bTSywxNMRnjIe06KrGgJsrnx07R mVMGKFHalbRorv6eyLEwZiJi1ymwHZllbyb+53Uzm9xEOZNpZqkki0VJxpFVaPY5GjBNieUTRzDRzN2KyAhrTKzLp+JCC JZfXiWty3rg14OHq1rjtoijDCdwChcQwDU04B6aEAIBBs/wCm+e9F68d+9j0Vryiplj+APv8weBV454</latexit><latexit sha1_base64="ToF3pUSP8V0xcdhL2BLEAS5ZV gU=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegF48R3CSQLGF2MpsMmccyMyuEJd/gxYMiXv0gb/6Nk2QPmlj QUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+m/ntJ6oNU/LRTlIa CTyULGEEWyeFPT1S5/1qza/7c6BVEhSkBgWa/epXb6BIJqi0hGNjuoGf2ijH2jLC6bTSywxNMRnjIe06KrGgJsrnx07R mVMGKFHalbRorv6eyLEwZiJi1ymwHZllbyb+53Uzm9xEOZNpZqkki0VJxpFVaPY5GjBNieUTRzDRzN2KyAhrTKzLp+JCC JZfXiWty3rg14OHq1rjtoijDCdwChcQwDU04B6aEAIBBs/wCm+e9F68d+9j0Vryiplj+APv8weBV454</latexit><latexit sha1_base64="ToF3pUSP8V0xcdhL2BLEAS5ZV gU=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegF48R3CSQLGF2MpsMmccyMyuEJd/gxYMiXv0gb/6Nk2QPmlj QUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+m/ntJ6oNU/LRTlIa CTyULGEEWyeFPT1S5/1qza/7c6BVEhSkBgWa/epXb6BIJqi0hGNjuoGf2ijH2jLC6bTSywxNMRnjIe06KrGgJsrnx07R mVMGKFHalbRorv6eyLEwZiJi1ymwHZllbyb+53Uzm9xEOZNpZqkki0VJxpFVaPY5GjBNieUTRzDRzN2KyAhrTKzLp+JCC JZfXiWty3rg14OHq1rjtoijDCdwChcQwDU04B6aEAIBBs/wCm+e9F68d+9j0Vryiplj+APv8weBV454</latexit>
 
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19q u0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8 MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5T FkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyf OWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX 355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19q u0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8 MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5T FkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyf OWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX 355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19q u0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8 MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5T FkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyf OWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX 355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19q u0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8 MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5T FkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyf OWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX 355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>
⌘
<latexit sha1_base64="TZ 6dp5tyCBo6NdZnLwRhzdKcg4s=">AAAB63icbVA9SwNBEN 2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fszgnh yF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+s bmVnm7srO7t39QPTxq2zg1HFo8lrHpRMyCFBpaKFBCJzHAV CThMZrc5v7jExgrYv2A0wRCxUZaDAVnmEs9QNav1vy6Pwd dJUFBaqRAs1/96g1inirQyCWzthv4CYYZMyi4hFmll1pIG J+wEXQd1UyBDbP5rTN65pQBHcbGlUY6V39PZExZO1WR61Q Mx3bZy8X/vG6Kw+swEzpJETRfLBqmkmJM88fpQBjgKKeOM G6Eu5XyMTOMo4un4kIIll9eJe2LeuDXg/vLWuOmiKNMTsgp OScBuSINckeapEU4GZNn8krePOW9eO/ex6K15BUzx+QPvM 8fCOKOOA==</latexit><latexit sha1_base64="TZ 6dp5tyCBo6NdZnLwRhzdKcg4s=">AAAB63icbVA9SwNBEN 2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fszgnh yF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+s bmVnm7srO7t39QPTxq2zg1HFo8lrHpRMyCFBpaKFBCJzHAV CThMZrc5v7jExgrYv2A0wRCxUZaDAVnmEs9QNav1vy6Pwd dJUFBaqRAs1/96g1inirQyCWzthv4CYYZMyi4hFmll1pIG J+wEXQd1UyBDbP5rTN65pQBHcbGlUY6V39PZExZO1WR61Q Mx3bZy8X/vG6Kw+swEzpJETRfLBqmkmJM88fpQBjgKKeOM G6Eu5XyMTOMo4un4kIIll9eJe2LeuDXg/vLWuOmiKNMTsgp OScBuSINckeapEU4GZNn8krePOW9eO/ex6K15BUzx+QPvM 8fCOKOOA==</latexit><latexit sha1_base64="TZ 6dp5tyCBo6NdZnLwRhzdKcg4s=">AAAB63icbVA9SwNBEN 2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fszgnh yF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+s bmVnm7srO7t39QPTxq2zg1HFo8lrHpRMyCFBpaKFBCJzHAV CThMZrc5v7jExgrYv2A0wRCxUZaDAVnmEs9QNav1vy6Pwd dJUFBaqRAs1/96g1inirQyCWzthv4CYYZMyi4hFmll1pIG J+wEXQd1UyBDbP5rTN65pQBHcbGlUY6V39PZExZO1WR61Q Mx3bZy8X/vG6Kw+swEzpJETRfLBqmkmJM88fpQBjgKKeOM G6Eu5XyMTOMo4un4kIIll9eJe2LeuDXg/vLWuOmiKNMTsgp OScBuSINckeapEU4GZNn8krePOW9eO/ex6K15BUzx+QPvM 8fCOKOOA==</latexit><latexit sha1_base64="TZ 6dp5tyCBo6NdZnLwRhzdKcg4s=">AAAB63icbVA9SwNBEN 2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fszgnh yF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+s bmVnm7srO7t39QPTxq2zg1HFo8lrHpRMyCFBpaKFBCJzHAV CThMZrc5v7jExgrYv2A0wRCxUZaDAVnmEs9QNav1vy6Pwd dJUFBaqRAs1/96g1inirQyCWzthv4CYYZMyi4hFmll1pIG J+wEXQd1UyBDbP5rTN65pQBHcbGlUY6V39PZExZO1WR61Q Mx3bZy8X/vG6Kw+swEzpJETRfLBqmkmJM88fpQBjgKKeOM G6Eu5XyMTOMo4un4kIIll9eJe2LeuDXg/vLWuOmiKNMTsgp OScBuSINckeapEU4GZNn8krePOW9eO/ex6K15BUzx+QPvM 8fCOKOOA==</latexit> ⇢ 
<latexit sha1_base64="u9ta7YK1D7ZvUVeDofOAtIaL1 8s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idzGaHzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0 FFXddHfFGWfG+v63V1pb39jcKm9Xdnb39g+qh0dto3JNaIsornQ3xoZyJmnLMstpN9MUi5jTTjy6nfmdJ6oNU/LBjjMaC TyULGEEWyc9hjpV/TBLWb9a8+v+HGiVBAWpQYFmv/oVDhTJBZWWcGxML/AzG02wtoxwOq2EuaEZJiM8pD1HJRbURJP5wV N05pQBSpR2JS2aq78nJlgYMxax6xTYpmbZm4n/eb3cJtfRhMkst1SSxaIk58gqNPseDZimxPKxI5ho5m5FJMUaE+syqrgQ guWXV0n7oh749eD+sta4KeIowwmcwjkEcAUNuIMmtICAgGd4hTdPey/eu/exaC15xcwx/IH3+QPmgJB1</latexit><latexit sha1_base64="u9ta7YK1D7ZvUVeDofOAtIaL1 8s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idzGaHzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0 FFXddHfFGWfG+v63V1pb39jcKm9Xdnb39g+qh0dto3JNaIsornQ3xoZyJmnLMstpN9MUi5jTTjy6nfmdJ6oNU/LBjjMaC TyULGEEWyc9hjpV/TBLWb9a8+v+HGiVBAWpQYFmv/oVDhTJBZWWcGxML/AzG02wtoxwOq2EuaEZJiM8pD1HJRbURJP5wV N05pQBSpR2JS2aq78nJlgYMxax6xTYpmbZm4n/eb3cJtfRhMkst1SSxaIk58gqNPseDZimxPKxI5ho5m5FJMUaE+syqrgQ guWXV0n7oh749eD+sta4KeIowwmcwjkEcAUNuIMmtICAgGd4hTdPey/eu/exaC15xcwx/IH3+QPmgJB1</latexit><latexit sha1_base64="u9ta7YK1D7ZvUVeDofOAtIaL1 8s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idzGaHzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0 FFXddHfFGWfG+v63V1pb39jcKm9Xdnb39g+qh0dto3JNaIsornQ3xoZyJmnLMstpN9MUi5jTTjy6nfmdJ6oNU/LBjjMaC TyULGEEWyc9hjpV/TBLWb9a8+v+HGiVBAWpQYFmv/oVDhTJBZWWcGxML/AzG02wtoxwOq2EuaEZJiM8pD1HJRbURJP5wV N05pQBSpR2JS2aq78nJlgYMxax6xTYpmbZm4n/eb3cJtfRhMkst1SSxaIk58gqNPseDZimxPKxI5ho5m5FJMUaE+syqrgQ guWXV0n7oh749eD+sta4KeIowwmcwjkEcAUNuIMmtICAgGd4hTdPey/eu/exaC15xcwx/IH3+QPmgJB1</latexit><latexit sha1_base64="u9ta7YK1D7ZvUVeDofOAtIaL1 8s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idzGaHzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0 FFXddHfFGWfG+v63V1pb39jcKm9Xdnb39g+qh0dto3JNaIsornQ3xoZyJmnLMstpN9MUi5jTTjy6nfmdJ6oNU/LBjjMaC TyULGEEWyc9hjpV/TBLWb9a8+v+HGiVBAWpQYFmv/oVDhTJBZWWcGxML/AzG02wtoxwOq2EuaEZJiM8pD1HJRbURJP5wV N05pQBSpR2JS2aq78nJlgYMxax6xTYpmbZm4n/eb3cJtfRhMkst1SSxaIk58gqNPseDZimxPKxI5ho5m5FJMUaE+syqrgQ guWXV0n7oh749eD+sta4KeIowwmcwjkEcAUNuIMmtICAgGd4hTdPey/eu/exaC15xcwx/IH3+QPmgJB1</latexit>{
<latexit sha1_base64= "RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6Xicb VBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaU DbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GH u/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61d JIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ 1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqU KBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlL IxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk /i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEj J7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66 LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Ap vzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latex it><latexit sha1_base64= "RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6Xicb VBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaU DbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GH u/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61d JIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ 1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqU KBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlL IxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk /i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEj J7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66 LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Ap vzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latex it><latexit sha1_base64= "RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6Xicb VBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaU DbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GH u/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61d JIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ 1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqU KBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlL IxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk /i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEj J7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66 LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Ap vzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latex it><latexit sha1_base64= "RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6Xicb VBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaU DbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GH u/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61d JIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ 1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqU KBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlL IxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk /i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEj J7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66 LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Ap vzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latex it>
{
<latexit sha1_base64="RG03HEwJX1WBjc+2nWl sTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvH hTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw 43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU66 7vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mY mug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnM I5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWl sTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvH hTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw 43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU66 7vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mY mug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnM I5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWl sTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvH hTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw 43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU66 7vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mY mug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnM I5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWl sTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvH hTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw 43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU66 7vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mY mug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnM I5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit>
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FIG. 5. Estimation of a phase parameter φ using a signal-ancilla entangled probe ρ. The signal mode S suffers a loss 1 − η
depicted as a beam splitter of transmittance η < 1 while the ancilla mode A is not degraded. The effective probe state ρ′ of
Eq. (48) is also indicated.
V. QUANTUM LIMIT FOR ANCILLA-ASSISTED PHASE ESTIMATION IN LOSS
As our final example of the application of the rate-distortion approach to phase estimation, we consider phase
estimation in the presence of the experimentally ubiquitous loss. As a first approach to the problem, consider the
single-mode scenario of Fig. 2 with the addition of a loss element in the optical beam post the phase modulation
represented by a beamsplitter of transmittance η < 1. The analysis of Sec. III A can then be carried through as before
provided only that the capacity g(E) of the noiseless single-mode channel is replaced by that of a lossy single-mode
channel, which is known to be g(ηE) [42]. The resulting lower bound on the CMSE is therefore the same as (26) with
E replaced by ηE, which is a stronger bound but still shows Heisenberg scaling relative to E.
Unlike the noiseless single-mode channel, the only known ensemble attaining the capacity of the lossy single-mode
channel consists of coherent states of mean amplitude distributed according to a circularly symmetric Gaussian
distribution in phase space [42]. Such an ensemble is generated by applying Gaussian-distributed displacements to
the vacuum state. Thus, it is reasonable to expect that the capacity of the lossy channel with an input ensemble
generated via phase modulation on a probe state of energy E is strictly less than its unrestricted capacity g(ηE). We
show below that this is indeed the case even for more general ancilla-assisted phase estimation schemes.
Consider the ancilla-assisted phase estimation scheme shown in Fig. 5 where the signal mode S suffers nonzero
loss represented by the beamsplitter of transmittance η < 14. An average energy constraint of E is imposed on the
signal mode. We assume that the ancilla system A (which can be arbitrary) is held noiselessly – any loss or noise in
this system can only worsen the performance, so that the bound we derive is valid regardless.We allow for arbitrary
POVMs to be performed on the joint SA system in order to obtain the phase estimate Φˇ.
An arbitrary pure-state probe on the joint signal-ancilla system can be written as
∣ψ⟩ = ∞∑
n=0
√
pn ∣n⟩S ∣ξn⟩A , (47)
where {∣n⟩S} are number states of the signal mode, {pn} is the probability distribution of the signal photon number and{∣ξn⟩A} are arbitrary normalized states of the ancilla. Due to our assumption that the ancilla system is undisturbed,
the state of Eq. (47) can be isometrically mapped into any other ancilla Hilbert space with countably infinite dimension
and made to yield the same performance with an appropriately transformed POVM on the target Hilbert space.
Without loss of generality, therefore, we can take the ancilla system to be a single bosonic mode as shown in Fig. 5.
This conclusion is also valid for a mixed-state probe since it can first be purified into the form (47) on a larger ancilla
system before arguing as above.
For any η < 1, and for given {pn}, it was shown in [40] (Theorem 1 therein) that the states (47) with the {∣ξn⟩A}
taken to be mutually orthonormal optimize any Bayesian cost function, and therefore the CMSE as well. Such probes
are called Number-Diagonal-Signal (NDS) probes since the reduced density operator of the signal mode is diagonal
in the number basis, and we can confine attention to them in order to derive a lower bound on the CMSE.
The state ρ′ of SA after the loss interaction but before the phase modulation (see Fig. 5) can be calculated by
standard techniques, e.g., by explicitly calculating the output state from the unitary interaction between the signal
and an environment mode initially in the vacuum state followed by tracing out the environment mode. If the probe
4 We note that the composition of loss and phase shift channels shown in Fig. 5 produces the correct output state ρφ independent of the
order in which the loss interaction and phase shift are applied. The phase-shift and loss may also both be distributed over the path of
the beam – the output state depends only on the total values of these parameters.
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state (47) is NDS, it turns out that ρ′ has the spectral decomposition
ρ′ = ∞∑
l=0 ql ∣χl⟩ ⟨χl∣. (48)
Here, ql can be interpreted as the probability that l photons are lost to the environment during the beam-splitter
interaction and is given by
ql =∑
n≥l pn(nl )ηn−l (1 − η)l ≡∑n≥l pnBη(n, l). (49)
The states {∣χl⟩} in eq. (48) are given by
∣χl⟩ = 1√
ql
∑
n≥l
√
pnBη(n, l) ∣n − l⟩S ∣ξn⟩A (50)
and form an orthonormal set, i.e., ⟨χl∣χl′⟩ = δl,l′ by virtue of the fact that the {∣ξn⟩A} are orthonormal. The modulated
state ρφ of Fig. 5 is therefore given by
ρφ =∑
l
ql ∣χl(φ)⟩ ⟨χl(φ)∣, (51)
where ∣χl(φ)⟩ = 1√
ql
∑
n≥l
√
pnBη(n, l) einφ ∣n − l⟩S ∣ξn⟩A . (52)
For ρ = ∫ dφPΦ(φ)ρφ the average modulated state, the Holevo bound on the mutual information between Φ and
its estimate Φˇ reads
I(Φ; Φˇ) ≤ S(ρ) − ∫ 2pi
0
dφPΦ(φ)S(ρφ), (53)= S(ρ) − S(ρ′) (54)≤ S (N (ρ)) − S(ρ′) (55)= S (N (ρ′)) − S(ρ′) (56)
where N is the unital quantum channel of Eq. (32) so that
N (ρ′) = ∞∑
l=0
∞∑
n=l pnBη(n, l) ∣n − l⟩S ⟨n − l∣⊗ ∣ξn⟩A ⟨ξn∣. (57)
The orthogonality of {∣ξn⟩A} then implies that
S(N (ρ′)) =H(N,N −L), (58)
where N and N −L are the classical random variables corresponding to a measurement on N (ρ′) of the index of the{∣ξn⟩A} basis on the ancilla mode and the photon number in the signal mode respectively, and H(⋅) is the Shannon
entropy. Similarly, the orthogonality of {∣χl⟩} implies that
S(ρ′) =H(L). (59)
Combining the above facts, we have
I (Φ; Φˇ) ≤ S(N (ρ′)) − S(ρ′) (60)=H(N,N −L) −H(L)=H(N,L) −H(L)=H(L∣N) − [H(L) −H(N)]=∑
n
pnH(L∣N = n) − [H(L) −H(N)] (61)
≤∑
n
pn
2
ln [2pie(η (1 − η)n + 1
12
)]
− [H(L) −H(N)] (62)
≤ 1
2
ln [2pie(η (1 − η)E + 1
12
)]− [H(L) −H(N)] . (63)
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⇢out =
X
l
ql|lihl|
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⇢in =
X
n
pn|nihn|
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FIG. 6. The single-mode state and loss channel of transmittance 1 − η for which the entropy gain from input to output equals
H(L) −H(N) of Eq. (63).
Here we have used standard entropy manipulations to obtain eq. (61). To obtain (62), we have used (33) and the
fact that, conditioned on N = n, L has the binomial distribution Bin(n,1− η). Eq. (63) follows from concavity of the
logarithm.
We now bound the second term in eq. (63). Consider the single-mode pure-loss channel L depicted in Fig. 6. It is
readily verified that, for the input state ρin = ∑n pn ∣n⟩ ⟨n∣, the channel outputs the state ρout = ∑l ql ∣l⟩ ⟨l∣ so that the
entropy gain from input to output is precisely H(L) −H(N). For the channel L of Fig. 6, Holevo has shown (See
Theorem 2 of [56]) that the minimum entropy gain
inf
ρin∈HS [S(L (ρin)) − S(ρin)] = ln (1 − η) , (64)
where the infimum is over all input states in HS and therefore includes the input state of Fig. 6. We thus have
ln (1 − η) ≤H(L) −H(N), (65)
which, combined with (63), gives the upper bound
I (Φ; Φˇ) ≤1
2
ln [ 2pie(1 − η)2 (η (1 − η)E + 112)] (66)
on the mutual information. The now familiar argument using the ITI along with the Shannon lower bound (21) gives
the sought lower bound
CMSE ≥ QΦ(1 − η)2
2pie [η (1 − η)E + 1
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] (67)
on the CMSE of lossy ancilla-assisted phase estimation. Observe that it exhibits SQL scaling in the energy for any
η < 1. For large E, it differs from the lower bound (35) for coherent states (with E replaced by ηE to account for
the attenuation of the coherent-state amplitude due to the loss) by only a factor of (1 − η). We have thus obtained a
very strong limitation on the improvement in CMSE that an ancilla-assisted phase estimation scheme using arbitrary
nonclassical probe states can offer over the practically much simpler scheme using a single-mode laser-light probe.
VI. DISCUSSION AND OUTLOOK
We have developed fundamental lower bounds on various phase estimation and communication scenarios involving
one or more optical modes using rate-distortion theory. The bounds are valid for any prior probability distribution
and arbitrary quantum measurements, including adaptive ones. The bounds explicitly display dependencies on the
system design parameters and energy constraints, as well as on the prior statistics of the parameter via the entropy
power of the distribution. They are non-asymptotic and valid for all values of the average energy E including in
the limit of E → 0 in which the minimum MSE (or CMSE) is dictated purely by the amount of prior information
available. For phase estimation, our bounds are given in terms of the stronger CMSE criterion naturally suited to
phase parameters.
The Heisenberg limits obtained in Sec. III A for single-mode linear and nonlinear phase estimation schemes agree
with those in ref. [7], while that for the multimode multipass scheme of Sec. IV is stronger than that in refs. [7, 22].
We should mention that SQL scaling for phase estimation (with the usual linear modulation) in the presence of loss
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has also been derived in the QFI-based quantum metrology framework [57–59]. Thus, the following bound for lossy
phase estimation was shown in [57]:
δΦ2φ ≥ 1 − η4ηE + 14 ⟨∆Nˆ2S⟩ρ , (68)
where the left-hand side δΦ2φ is the mean squared error achieved by any unbiased estimator for a particular (but
arbitrary) value of φ and ⟨∆Nˆ2S⟩ρ is the variance of the signal photon number of the probe state ρ. This bound,
based as it is on the quantum Crame´r-Rao bound, regards φ as an unknown rather than random parameter and holds
provided the estimate Φˇ is unbiased. In the regime of large ⟨∆Nˆ2S⟩ρ for a fixed E, the second term can be neglected
and the η-dependence of the bounds (68) and (67) is rather similar. It should be noted, however, that the latter
bound holds for biased measurements as well and does not diverge in the limit E → 0. Some frequentist bounds on the
mean squared error of phase estimation explicitly depend on the parameter φ – see, e.g., ref. [60] – indicating greater
phase sensitivity at some points. We leave for future work the question whether Bayesian bounds tighter than those
developed here can display such phase dependence, perhaps using tighter bounds on the phase-modulation capacity.
A Bayesian bound showing SQL scaling for joint signal-ancilla states of fixed total photon number and a uniform
phase prior has also been derived in [61].
The results obtained here can potentially be extended in several directions. Natural multimode problems that
may be tackled using the approach of this paper are optical ranging [62], measuring transverse displacements of
optical beams [63, 64], and general image estimation problems [40]. The technique may also be extended to multiple-
parameter problems [24], and even to the estimation of continuous waveforms [65] building on the rate-distortion
theory for sources generating random processes [29]. The results of Sec. V appear to be extendable to multimode
lossy scenarios. It would also be interesting to attempt to generalize them to multiple-parameter scenarios with other
kinds of decoherence such as phase diffusion [66–68].
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